Abstract. This paper investigates the toral stabilizer of a finite-dimensional restricted Lie algebra (g, [p]), defined over an algebraically closed field k of positive characteristic. We compute the group of toral stabilizers of some simple Lie algebras and give a new characterization of the solvable restricted Lie algebras. Moreover, we determine the subalgebra structure of exceptional simple Lie algebras in good characteristic. We also provide applications, which concern the distribution of weight spaces.
Introduction
Let (g, [p] ) be a finite-dimensional restricted Lie algebra. In [6] , Farnsteiner introduced a finite group S(g) associated to g, which is called toral stabilizer. The structure group S(g) coincides with the Weyl group in case of classical type or the Lie algebra of a smooth group. In [3] , the authors defined the Weyl group for arbitrary restricted Lie algebra and established a connected between the Weyl group and toral stabilizer. In particular, they computed the toral stabilizers of the Lie algebras of Cartan type.
In this paper, we first compute the group of toral stabilizers for some simple Lie algebras. The toral stabilizer of restricted generalized Witt algebra is determined (see Theorem 3.2). We give a new characterization of the solvable restricted Lie algebras and prove that a finite-dimensional restricted Lie algebra g is solvable if and only if the group S(g) is a p-group (Theorem 4.3). The main ingredient of the proof is the classification of absolute toral rank two simple Lie algebras due to Premet and Strade (see [13] and [20] ).
Let g be a exceptional simple classical Lie algebra. In Section 6, we give a criteria for determining the subalgebra structure of g. Recently, Herpel and Stewart proved that only the Witt algebra can occur as a simple subalgebra of g (see [9] ). Our approach is completely different by using toral stabilizer to analyse the subgroup of Weyl groups.
In the last, we consider a question of Skryabin (see [17] ). We study the weight space decomposition. Skryabin's question can be reduced to consider the torus of maximal dimension (see Proposition 7.4) . We answer the question in some particular cases. Also, some known results are reproved in a simple way.
Schemes of tori and toral stabilizers
Throughout, we shall be working over an algebraically closed field k of characteristic char(k) = p > 0. All vector spaces are assumed to be finite-dimensional.
Given a restricted Lie algebra (g, [p] ), let M k and Ens be the categories of commutative k-algebras and sets, respectively. For a torus t ⊆ g, we consider the scheme T g : M k → Ens, given by T g (R) := {ϕ ∈ Hom p (t ⊗ k R, g ⊗ k R); ϕ is a split injective R-linear map} for every R ∈ M k . Here Hom p (t ⊗ k R, g ⊗ k R) denotes the set of homomorphisms of restricted R-Lie algebras and g ⊗ k R carries the natural structure of restricted R-Lie algebra via [x ⊗ r, y ⊗ s] := [x, y] ⊗ rs, (x ⊗ r)
[p] := x [p] ⊗ r p , ∀x, y ∈ g, r, s ∈ R.
According to [7, (1.4) ], T g is a smooth, affine algebraic scheme. Consequently, the connected components of T g are irreducible, and there exists precisely one irreducible component X t (k) ⊆ T g (k) such that the given embedding t ֒→ g belongs to X t (k).
We denote by µ(g) and rk(g) the maximal dimension of all tori t ⊆ g and the minimal dimension of all Cartan subalgebras h ⊆ g, respectively. According to [6, (7.4) ], the set Tor(g) := {t ⊆ g; t torus, dim k t = µ(g)} of tori of maximal dimension is locally closed within the Grassmannian Gr µ(g) (g) of g. Thanks to [7, (1.6) ] and [6, (3.5)(9.3)], the variety Tor(g) is a smooth irreducible affine variety of dimension dim Tor(g) = dim k g − rk(g).
We consider the scheme T g in case t ∈ Tor(g). Then the automorphism groups Aut p (g) and Aut p (t) naturally act on T g (k) via
respectively. Both actions commute, and Aut p (t) ∼ = GL µ(g) (F p ). Following [6] , we let
be the stabilizer of component
is called the toral stabilizer of g (relative to t). If t ′ ∈ Tor(g) is another torus, then there exists an isomorphism h : t → t ′ such that S(g, t ′ ) = hS(g, t)h −1 (see [6, Theorem 4.1] and [3, Theorem 1.1]). Hence we set S(g) := S(g, t) be the toral stabilizer of g.
From now on we assume h ✂ g to be a p-ideal of g, and let t ∈ Tor(g). Then t ∩ h and (t + h)/h are tori of maximal dimension of h and g/h, respectively (see for example [3, Proposition 2.3] ). Also, we can find a subtorus t ′ ⊆ t such that t = (t ∩ h) ⊕ t ′ (see [3, Page 1347] Lemma 2.1. Let h ⊆ g be a p-subalgebra of the restricted Lie algebra (g, [p] ) and t ∈ Tor(g).
(
,
Proof. As before, we can choose a subtorus t
; ϕ → ϕ ⊕ id t ′ , which gives rise to an embedding
Remark. The Lemma 2.1(3) is a special case of Lemma 2.2.
The reader is referred to [22] and [19] for basic facts concerning the structure theory of simple Lie algebras.
We denote by W (n), S(n), H(n); n = 2r and K(n); n = 2r + 1 the restricted simple Lie algebras of Cartan type.
Lemma 2.3. [3, Theorem 5.3]. Let g be a Lie algebra of Cartan type (W, S, H, K).

Then there is an isomorphism
We mention the case of the restricted Melikian algebra M(1, 1). Recall that this is a simple graded Lie algebra over a field of characteristic p = 5, which is neither classical nor of Cartan type. We refer the reader to [16] for the details. 
(1) be the simple non-graded Hamiltonian Lie algebra and g := L p the minimal p-envelope of L. Then there is an isomorphism
Proof. Recall that L ⊆ W (2, 1) is a subalgebra (see [20, Page 41] ). Hence we can regard g as a restricted subalgebra of W (2, 1). Note that µ(g) = 2 (see [20, Page 2] ). According to [20, Corollary 10.3.3] and [3, Theorem 1.5], there is an isomorphism
where G is the automorphism group of (g, [p] [20, Corollary 10.3.3] that, for any g ∈ GL 2 (F p ), we can find someg ∈ Nor G (t) such thatg| t = g, as required.
Generalized Witt algebra
In this section, we turn to the computation of the toral stabilizer of the generalized Witt algebra W (m, n) (The reader is referred to [14] or [23] , [22, §4.2] and [19, 7.6] for details). We assume that p > 3.
We denote by L := W (m, n) the genelized Witt algebra, or also Witt algebra. Let A(m, n) be the divided power algebra in m indeterminates. By definition, L consists of all special derivations of A(m, n), where n ∈ N m is a multi-index (see [22, Page 146] ). It is a free A(m, n)-module generated by the partial derivatives ∂ 1 , . . . , ∂ m . The length of n is defined to be |n| = n 1 + · · · + n m . Let is the |n|-th Jacobson-Witt algebra.
Also, define the following distinguished multi-indices: for all k ∈ {1, . . . , m}, the k-th unit multi-index is ǫ k = (δ 1,k , . . . , δ m,k ). One can check that the assignment:
extends uniquely to an isomorphism:
Consequently, this results an isomorphism of Lie algebras:
where
We call it restricted generalized Witt algebra. In fact, L p coincides with the derivation algebra Der W (m, n) (see [19, Theorem 7.2.2] ). By a direct check, Φ is a restricted isomorphism. Hence, we can identify L p as a restricted subalgebra of W (|n|, 1). Therefore, we have the following embedding map:
It is well-known thatG is connected algebraic group. Moreover, G is a connected subgroup ofG ( [23] , [24] ). Let (g, [p]) be a restricted Lie algebra, G := Aut p (g)
• be its connected automorphism group. Following [3] , a torus t ∈ Tor(g) is called generic if the orbit G.t is a dense subset of Tor(g).
Note that µ(L p ) = µ(W (|n|, 1)) = |n| (see [19, Theorem 7 Proof. By virtue of [6, Lemma 7.3] , it is easy to see that Tor(L p ) ⊆ Tor(W (|n|, 1)) is a closed subvariety. By the above , we know that
Since both of them are irreducible varieties (see Section 2), it is enough to show that
is the automorphism group of L p . As G ⊆G, one side is obvious. We need to prove thatG
We observe that, setting
Thanks to [19, Theorem 7.6 .2] and the proof [19, Theorem 7.6.3(2)], we can assume that t 0 is generated by the elements of the form
where S(i) (0) is the filtration 0 part of S(i). Suppose that there exists an element g ∈G such thatg.t 0 ∈ Tor(L p ). For any 1 ≤ i ≤ m, we say that
where f i,s ∈ A(m, n). By (3.2), we know that there exists an element ϕ ∈ Aut(A(|n|, 1) such that the corresponding automorphism isg. Thus,
and D i,j is the partial derivation with respect to y i,j . Suppose that
By comparing the coefficients of D k,l in (3.4), we obtain:
, it follows from (3.5) and (3.6) that
Consequently,g
Hence,g ∈ G (cf. [14, Theorem 12.8] , [23, Theorem 2] ). Last, it should be notice that
The main result of this section reads:
Note that G is a subgroup ofG. It follows from [11, Lemma 2] that the centralizer CentG(t 0 ) is a trivial group, so is Cent G (t 0 ). Thus, there is a natural inclusion map
We claim that (3.8) is also surjective. Letg ∈ NorG(t 0 ), so thatg.t 0 = t 0 ∈ Tor(L p ). Now the proof of Lemma 3.1 ensures thatg ∈ G, as desired.
, where the last isomorphism follows from [11, Theorem 1(i)] (see also Lemma 2.3).
Solvable Lie algebra
In this section, we would like to give a new characterization of the solvable restricted Lie algebras.
Recall that the classification of finite-dimensional simple Lie algebras of absolute toral rank two over an algebraically closed field of characteristic p > 3 (see [20, Proof. One implication follows from Theorem 4.1, so that the converse has to be proved.
Suppose there exists a non-solvable restricted Lie algebra g such that S(g) is a p-group. Furthermore, we assume that g has minimal dimension.
First, we claim that g is semisimple. Let a ✂ g be a non-zero abelian p-ideal of minimal dimension. Then
= a, so that a is an elementary abelian ideal or a toral p-ideal. Thanks to Lemma 2.1, the toral stabilizer S(g/a) is a p-group. By induction, g/a is solvable, it follows that g is solvable. This is a contradiction, thus, g is semisimple.
Furthermore, we claim that g has no non-zero proper p-ideal. Let n ✂ g be a proper p-ideal and t ∈ Tor(g). We know that the p-subalgebra t ∩ n is a torus of n of maximal dimension, i.e., t ∩ n ∈ Tor(n). Thanks to Lemma 2.2, we have S(n) is a p-group. By the induction hypothesis, this implies that n is a solvable ideal. We arrive at a contradiction since we have shown that g is semisimple.
Thanks to [8, Lemma 6.3] , the derived subalgebra [g, g] of g is a simple Lie algebra and g is a minimal p-envelope of [g, g]. For convenience, from now on, we denote by
We first discuss the case that µ(g) = 1. By virtue of [20, Theorem 10.6 .1], L is isomorphic to one of sl 2 , W (1; 1), H(2; 1) (2) .
According to Lemma 2.3 (see also the proof of [6, Corollary 6.6]), the group S(g) is not a p-group, which is a contradiction. Let h ⊆ g be any 2-section of g with respect to a torus t ∈ Tor(g) (cf.
11(2)]).
According to the classification result of simple Lie algebras by Premet and Strade (Theorem 4.2). We proceed by a case-by-case analysis. Note that if L is restricted, then g = L. In these case, we can conclude that S(g) is not a p-group (the proof of [6, Corollary 6.6] for classical type, Lemma 2.3 for Cartan type and Lemma 2.4 for Melikian algebra).
Assume that L ∼ = W (1; 2). Then there exists a torus t ∈ Tor(g) such that every 1-section is isomorphic to the restricted Witt algebra W (1; 1) (see [19, Theorem 7.6.2] ). It follows from Lemma 2.2 that S(W (1; 1) ) can be identified with a subgroup of S(g). Since S(W (1; 1)) = GL 1 (F p ) = F * p (Lemma 2.3), this ensures that S(g) is not a p-group. We obtain a contradiction. Now, we consider the case L ∼ = H(2; (1, 2) ) (2) . Let t ∈ Tor(g). It follows from [20, Lemma 10.2.3] that dim k (t ∩ L) = 1 and g = t + L. Furthermore, there exists a proper p-subalgebra L (0) and a torus t ∈ Tor(g) such that t∩L (0) ∈ Tor(L (0) ) (see [20, Page 39]). Now Lemma 2.2 implies that the toral stabilizer S(L (0) ) is a p-group. By the induction, L (0) is solvable. We obtain a contradiction since there is a subalgebra Thus we must have L ∼ = H(2; 1; Φ(τ )) (1) . According to Lemma 2.5, the toral stabilizer S(g) is not a p-group, which is a contradiction. Proof. This is a direct consequence of Lemma 2.1(4) and Theorem 4.3.
Proof. According to [6, Theorem 6.7] , the toral stabilizer is a p-group. Now our assertion follows from Theorem 4.3.
Remarks.
(1). It should be interesting to find a connection between the representation theory of solvable restricted Lie algebra and the toral stabilizer, see [8] for the maximal 0-PIM property. (2) . Suppose that p > 3. Let (g, [p]) be an l-dimensional restricted Lie algebra with µ(g) = 1, t ⊆ g is a one-dimensional torus. Hence Theorem 4.3 and Corollary 4.5 imply that the following statements are equivalent: 
Sylow subalgebra
Suppose that p > 3. Let (g, [p]) be a restricted Lie algebra with toral stabilizer S(g).
We call a p-subalgebra c of g a Sylow subalgebra if S(c) is a Sylow p-subgroup of S(g).
If g contains such a Sylow subalgebra c, then c should be solvable (Theorem 4.3).
Let we consider the n-th Jacobson-Witt algebra W (n; 1). In this section, we will always assume that g := W (n; 1).
Let B n be the truncated polynomial ring in n variables:
. By definition, g := Der(B n ) is the algebra of derivation of B n . Let G := Aut p (g) be the automorphism of g. According to [24, Theorem 2] , G is a connected group and any automorphism of g can be induced from an automorphism of B n . There results an isomorphism G ∼ = Aut(B n ). Let
Denote by D i = ∂/∂x i ∈ g the partial derivative with respect to the variable x i . Then {D 1 , · · · , D n } is a basis of the B n -module g, so that dim k g = np n . Let t 0 := (1 + x 1 )D 1 , . . . , (1 + x n )D n be the standard generic torus of g (see [3, Page 1337] ). According to [11, Theorem 1(i), Lemma 2], the Weyl group W (g, t 0 ) := Nor G (t 0 )/ Cent G (t 0 ) relative to t 0 is isomorphic to the general linear group GL n (F p ) and Cent G (t 0 ) is trivial. Furthermore, there is an isomorphism W (g, t 0 ) ∼ = S(g) ([3, Proposition 3.3]). Let c be a maximal solvable subalgebra which contains t 0 . Thanks to the result of [15, Section 4] , c is unique up to conjugation by G. Recall that g has a natural Z-grading structure (see [22 
We take the standard maximal solvable subalgebra, still denote by c (see [15, Section 3] ). Recall that
where b is the standard Borel subalgebra of g 0 ∼ = gl n and α(i) = (α 1 , . . . , α i ) with |α(i)| > 1 (see [15, Section 3.1] for details). We denote by U ⊆ GL n (F p ) be the lower-triangular unipotent subgroup of GL n (F p ). It is well-known (and can be easily verified) that U is a Sylow p-subgroup of GL n (F p ).
Lemma 5.1. Keep the notations as above. Let g ∈ U.
Then there exists an element g ∈ G such that c isg-stable and the restrictiong| t0 = g.
Proof.
We write g = (a ij ). It follows that a ii = 1, a ij ∈ F p and a ij = 0 for i > j. Note that the set {(1 + x i ); 1 ≤ i ≤ n} generate the algebra B n . We construct an automorphism Φ ∈ Aut(B n ) as follows:
Letg ∈ G be the corresponding automorphism. Then it is easy to check thatg| t0 = g (Use a formula of Demushkin, see [4, Page 234] ). The another assertion follows from the structural observation of (5.1) and a basic computation.
Remark. In the Lemma 5.1, the elementg is unique (see [11, Lemma 2] ).
Theorem 5.2. The standard maximal solvable subalgebra c is a Sylow subalgebra of g.
Since S(g) ∼ = GL n (F p ) (Lemma 2.3), it suffices to prove that S(c) ∼ = U.
Thanks to Lemma 5.1 and [3, Lemma 1.2], the group U is a subgroup of S(c). In view of Theorem 4.3, the group S(c) is a p-group of GL n (F p ). Note that U is a Sylow p-subgroup of GL n (F p ). Thus, they must be equal.
Remark. Suppose that p > 3. We consider the special linear Lie algebra g := sl(n). The symmetric group S n is the Weyl group of g. Thanks to [6, Theorem 4.7] , there is an isomorphism S(g) ∼ = S n . Suppose that p > n. The trivial group is the only Sylow subgroup of S(g). Hence, the Sylow subalgebra always exists (e.g. Let c be any Borel subalgebra of g). Suppose that p ≤ n. If there exists a Sylow subalgebra c (assume that c is maximal), then maximal solvable subalgebra can not be the Borel subalgebra.
Let g be a restricted Lie algebra of Cartan type S(n; 1) (1) or H(2n; 1) (2) (see [22, 
Now, we consider the above embedding map
Hence the image of Sylow subalgebra of W (µ(g); 1) is a Sylow subalgebra of g (Theorem 5.2 implies that such Sylow subalgebra exists).
To sum up this section, we propose to consider the following question: 
Subalgebras in the exceptional Lie algebras
In this section, we will explain how to determine the subalgebra structure of the simple classical Lie algebras of exceptional type by using the toral stabilizer.
Let G be a connected simple algebraic group. Fix a Borel subgroup B containing some maximal torus T and let U be the unipotent radical of B. Let
be the character group and let Φ ⊆ X (T ) be the root system associated to G with respect to T . Let Λ(Φ) be the integral weight lattices of Φ. It is clear that X (T ) ⊆ Λ(Φ). The quotient Λ(Φ)/X (T ) is called the fundamental group of G and is denoted by π 1 (G). We say that G is simply connected if its fundamental group is trivial.
If β = i m i α i is the highest root written as a linear combination of simple roots then p is bad for Φ if p = m i for some i. Similarly we may write the dual of this root as a linear combination of dual simple roots β
A prime is good (respectively non-torsion) if it is not bad (respectively torsion).
Definition. Let G be a connected simple algebraic group. We say that p is a torsion prime of G, when it is a torsion prime of Φ or when p divides π 1 (G).
Remark. This definition is in fact [18 We denote by W (G, T ) = Nor G (T )/ Cent G (T ) the Weyl group of G relative to T . We write W = W (G, T ) for short. 
In the following, we assume that G is an exceptional algebraic group. For future reference, we need the following: Theorem 6.3. Let G be a simple, simply connected exceptional algebraic k-group with Lie algebra g := Lie(G), where p := char(k) is a good prime for G, and let h be a restricted Lie algebra such that µ(g) = 2. If S(h) ∼ = GL 2 (F p ), then h can not be isomorphic to any restricted subalgebra of g.
Proof.
Suppose that h is isomorphic to some restricted subalgebra of g. We still denote by h. By assumption, there exists some torus t 0 ∈ Tor(h) and dim k t 0 = 2. Since g is an algebraic Lie algebra, we can find a maximal torus T ⊆ G such that t := Lie(T ) ∈ Tor(g) and t 0 ⊆ t (cf. [6, Corollary 4.4]). Moreover, there is a subtorus t ′ ⊆ t such that t = t 0 ⊕ t ′ (see [3, Page 1347] ). According to Lemma 2.2, we have the following inclusion map:
By assumption, p ≥ 5 (Table 1) . Thanks to Lemma 6.2, this results:
We denote by G ′ := C G (t ′ ) the centralizer of t ′ in G. Furthermore, p is not a torsion prime for G (See Table 1 ). It follows from Lemma 6.1 that G ′ is a connected reductive subgroup of G. It is clear that T ⊆ G ′ . We denote by
2). Then (6.1) is equivalent to the following:
By assumption, we know that
On the other hand, (6.2) implies that S(h) can be identified with a subgroup of W , so that the order of Weyl group divided by |S(h)|. As one sees from the Table 1 , we only need to consider the following cases:
According to (6.3), we know that one of the following two cases must be satisfied:
By a direct computation, we obtain
Note that W ′ is a reflection subgroup of W . For the case (a), we will obtain a contradiction from [5, Section 6, Table 3, 4, 5] . For the case (b), it is obvious that the order of Weyl group W can be divided by p 2 , this is also a contradiction (See Table  1 ).
We retain our assumption that G is an exceptional algebraic k-group and p is good for G. Recently, it is proved by Herpel and Stewart ([9, Theorem 1.3] ) that only the Witt algebra W (1, 1) can occur as a simple subalgebra of non-classical type of g. Of course, by simple dimension arguments, the large dimensions of non-classical simple Lie algebras cannot fit inside the exceptional Lie algebra (see [9, Section 4] for details). 
Remarks. (1) . Recently, Premet gave an alternative proof for the most difficult case where L ∼ = H(2; 1; Φ) (2) (see [12, Proposition 4.1] ). Our approach is completely different.
(2). For the case L ∼ = M (1, 1) , we can also use the dimension argument (See [9, Lemma 4.1]).
Weight space decomposition
In this section, we give some applications, concern the distribution of weight spaces. Let (g, [p]) be a restricted Lie algebra. By definition, a restricted g-module M is a g-module such that for every x ∈ g, the operator m → x [p] .m is the p-th power of the transformation of M effected by x. If t ⊆ g is a torus, then M is a completely reducible t-module, give rise the weight space decomposition
As a result, Λ M ⊆ Lie p (t, k) is a subset of the character group of t, i.e., the additive group of all homomorphisms t → k of restricted Lie algebras, where the p-map on k is the associative p-th power.
We first generalize a basic result from [6] .
Lemma 7.1. Let t ⊆ g be a maximal torus. Then there exists some ϕ ∈ X t (k) such that t ′ := ϕ(t) is contained in some torus of maximal dimension. Moreover, if M is a restricted g-module with weight space decompositions M = ⊕ λ∈Λ M λ , and
Proof. We put A := k[X t ] and j : t ֒→g be the universal embedding of t (see [6, Page 4186]), whereg := g ⊗ k A is a restricted A-Lie algebra. The torus acts ong via j, we denote byg 0 ⊆g the corresponding zero weight space. For any homomorphism
denote the corresponding embedding. Theñ
is the zero weight space relative to the torus ϕ x (t). According to [6, Theorem 3.5(3)], there exists one element x 0 ∈ X t (k) such that µ(g 0 (x 0 )) = µ(g). Note thatg 0 (x 0 ) = C g (ϕ x0 (t)). Let t ′ := ϕ x0 (t), so that t ′ is contained in some torus of maximal dimension. LetM = γ∈ΓMM γ be the weight space decomposition ofM := M ⊗ k A induced by the universal embedding j. We consider the the map ϕ x0 and the canonical embedding t ֒→ g. Then the second assertion follows from the same argument as in [6, (4.2) ]. 
then the following statements hold:
(2) All weight spaces of M belonging to nonzero weights have the same dimension.
In particular, let g = g 0 ⊕ α∈Φ g α be the root space decomposition of g relative to t, then Φ ∪ {0} = Lie p (t, k), and all root spaces of g have same dimension.
Remarks. (1) . In [3] , the authors use the condition that T g (k) is irreducible. In fact,
. Let t ∈ Tor(g) be a torus of maximal dimension. There is an isomorphism:
Recently, Skryabin asked the following question (see [17, Question 5] 
are roots of L, that is, L has precisely p dim t − 1 nonzero roots with respect to t?
For convenience, we let Λ(L, t) be the set of nonzero weights relative to t. Hence, Skryabin's question is true is equivalent to say Λ(L, t) = Lie p (t, k) \ {0} for any torus t in L p .
In fact, it suffices to consider the torus of maximal dimension. We claim that Question 7.3 is ture for any subtorus t ⊆ t 0 . Take t ′ ⊆ t such that
be the weight space decomposition with respect to t. Also, it is easy to verify that
Furthermore, for each nonzero weight β, the number ♯{α ∈ Λ(L, t 0 ); α| t = β} = p dim t ′ .
Hence, we obtain Λ(L, t) = Lie p (t, k) \ {0}. Now, it follows from Lemma 7.1 and the above arguments, it is clear that Question 7.3 holds for all maximal tori. Last, let t be an arbitrary torus. Obviously, t is contained in some maximal torus. Now we only need to apply the same reasoning to t.
Suppose that S(L p ) ∼ = GL µ(Lp) (F p ). Note that L is simple, so that Λ(L, t 0 ) = ∅. so that our assertion follows from Lemma 7.2(1).
Corollary 7.5. Let L be one of the following non-restricted simple Lie algebras H(2; 1; Φ(τ )) (1) , W (m, n) (n = 1). (1) t is a self-centralizing torus of L p , i.e., C Lp (t) = t.
(2) dim k L α = 1 for every α ∈ Λ(L, t). (3) dim k (W (1, n) ∩ t) = 1. (4) dim k (H(2; 1; Φ(τ )) (1) ∩ t) = 0, i.e., C H(2;1;Φ(τ )) (1) (t) = {0}.
be the weight space decomposition with respect to t. According to Lemma 2.5, Theorem 3.2 and Lemma 7.2(2), we have
Similarly, we also have
where g := L p . Note that the facts dim k W (1, n) = p n , dim k H(2; 1; Φ(τ )) (1) = p 2 − 1 and dim k W (1, n) p = p n + n − 1, dim k H(2; 1; Φ(τ ))
(1)
so that our assertions follow from a basic computation.
